We consider theoretically and experimentally an array of singular beams whose axes lie on the surface of a hyperboloid of revolution. We show that such a singular array can carry a very high orbital angular momentum. Experimental results demonstrate a way of generating such singular arrays. Optical Society of America OCIS codes: 140.3300, 260.1960, 050.1960 In singular optics, particular attention is focused on the creation of singular beams and the control of their properties. 1 A key trait of such field structures is that the beams are able to carry spin and orbital angular momentum (OAM).
In singular optics, particular attention is focused on the creation of singular beams and the control of their properties. 1 A key trait of such field structures is that the beams are able to carry spin and orbital angular momentum (OAM). 2 The magnitude of the OAM per photon in ordinary Laguerre-Gaussian beams is បM, where M stands for a topological charge of the optical vortex nested in the beam. Courtial et al. 3 predicted that a Gaussian beam could reach a very high OAM after passing through a cylindrical lens system. However, a loss of axial symmetry of the beam is the cost of such a striking transformation of the OAM. On the other hand, Vasnetsov et al. 4 showed that the OAM of a misaligned single Gaussian beam can be easily changed by altering its displacement and inclination relative to some axis. But such additional OAM can also be removed by a coordinate transformation. To create a light field whose additional OAM cannot be excluded by any coordinate transformations, we found that it is necessary to create a symmetrical configuration of the misaligned beams, e.g., a beam array. Notice that the most appropriate geometrical structure corresponding to such a symmetrical array of misaligned beams is a ruled surface in the form of a hyperboloid of revolution so that the beam axes lie on this surface.
Behavior of optical vortices in the simplest array containing two singular beams was considered by Maleev and Swartzlander. 5 Also, different transformations of phase dislocations and OAM borne by an array of solitons in a nonlinear medium were studied by Desyatnikov and Kivshar. 6 In this Letter we show that an array consisting of a symmetric composition of phase-matched singular beams can carry an extremely high OAM. First it is necessary to discuss the two ways of lodging the beams. The first, illustrated in Fig. 1 , involves both a rotation of local coordinate axes x n and y n at angle n around the z axis and a displacement of the local origin along the ray = n at distance r 0 , and an inclination of longitudinal axis z n at angle ␣ relative to the array axis, z. But a rotation of x n and y n coordinates connected with a vortex-bearing field causes an additional phase. To compensate for this phase there is a second way, consisting of repeating the abovementioned operations and an additional rotation of axes x n and y n around z n axis at angle − n . The first way is used below.
Consider a set of N, identical singular beams whose axes lie on the surface of a hyperboloid of revolution. Vortices in the beam have the same topological charges M. In a referent frame ͕x , y , z͖, where x = r cos , y = r sin , we can write coordinates ͕x n , y n , z n ͖ as
In our approximation, the local radial coordinate of the beam in terms of general coordinates ͕r , , z͖ is r n 2 = x n 2 + y n 2 = r 2 + r 0 2 − 2rr 0 cos n − 2␣rz sin n , ͑1͒
where n = − n (see Fig. 1 ). At the same time, the azimuth angle of the nth beam spot at the waist z =0 is n = n2 / N, where N is the number of beams in the array, n =1,2,3, ... ,N. By deriving these expressions we assumed that angle ␣ is small so that sin ␣ Ϸ ␣, cos ␣ Ϸ 1. The scalar field of each vortexbearing beam with a topological charge M may be expressed in a frame of reference ͕x , y , z͖ as where C = r 0 + i␣z, Z n = z n + iz 0 , z 0 = k 2 /2, = ±1 stands for a sign of the vortex topological charge, and is the beam radius in the plane z =0. Each beam in the array is phase matched, ⌬ n = l n , where l =0, ±1, ±2,... is an orbital number of the array. Then the wave function of the array is written as
In common with Eq. (2), Eq. (3) is convenient for a computer simulation of the array structure but must be transformed into an appropriate form to analyze the OAM. We characterize the array state by three numbers, ͕N , ±l , ±M͖, with relative displacement R = r 0 / and relative angle ␣ = ␣ / ␣ diff , where ␣ diff = / ͑͒ is the divergence angle of the nth Gaussian beam. Figure 2 (rows I and III) illustrates intensity distributions of the singular arrays in different states ͕N , ±l , ±M͖. Notice that the optical vortex is not always sited at the array axis. For example, states with l = 0 and l Ն N are associated with an intensity maximum at the axis. Besides, state ͕4,1,1͖ under ␣ =0 corresponds to unfolding of the singularity at the axis and so on.
To estimate the OAM of the array, let us transform Eq. (3) into the expression
/ Z, and I n ͑x͒ is a modified Bessel function. We also assumed that ␣r / z 0 1 and 1/Z n Ϸ 1/Z and made use of properties of a geometrical series and Bessel functions. This means that a phase-matched array of misaligned Gaussian beams is presented as a superposition of Bessel-Gaussian beams with a complex index Nm − ͑l + s͒. 
The OAM of the array
, and ⌫͑w͒ is a Gamma function. In the simplest case when M = 0, i.e., when the beams in the array bear no optical vortices, we have = Ј, ␤ = 2, and 3 F 3 = 1 F 1 ͑ +1/2;2 +1;x͒ = ! ͑x /4͒ − exp͑x /2͒I ͑x /2͒, and Eq. (5) is essentially simplified to the form
To simplify analysis of Eq. (5) we restricted ourselves to three areas of variation of parameters R and ␣ : (1) very small magnitudes of ␣ and R, (2) ␣ R, and (3) comparable R and ␣ . When angle ␣ and displacement R are very small, R, ␣ 1, so 3 F 3 Ϸ 1 plays a basic part in shaping the array interference effects. Then a specific OAM can be found:
where index m j is assigned by
and K stands for a number of solutions of Eq. (7) for the given array state ͕N , l , M͖. Equation (6) enables us to estimate easily a specific OAM of different combinations of singular beams in the array. For example, let the array state be characterized by N =3, l =1, M = 1, and = 1, from whence came s j = j =1, m j = 1, and K = 1. In that case the specific OAM is = −2.
The other asymptotic state of the singular array is referred to the case of a very large displacement, R 1, so ␣ R but ␣ Ͼ 1. Then a specific OAM is = − M + 2␣ R = − M + kr 0 ␣.
͑8͒
We observe here a linear upgrowth of the specific OAM with R and ␣ . Besides, the OAM does not depend on either beam waist or orbital number l. Naturally, when the beams are displaced sufficiently far from one another, the interference beam effects vanish and the beams in the array can be considered independent. Consequently, Eq. (8) also describes an OAM of completely incoherent beams in a singular composition.
Interference effects come to play when the beams draw together and the magnitudes of R and ␣ are comparable. Figure 3 
To form experimentally a singular array we made use of a computer-generated hologram technique. 1 To recover a singular array behind a hologram we employed a light beam at = 532 m emitted from a semiconductor laser diode with output power of about 5 mW. The beam waist at the plane of the hologram was about Ϸ 0.5 mm, while a CCD camera was placed about 2 m from the hologram. Figure 2 (row II) illustrates the experimental results. As the array propagates, the symmetry of the intensity distribution is broken. Elements of the image lengthen and become twisted. This effect is observed most clearly in Fig. 2 for the state ͕8,4,−4͖. Besides, the intensity distribution depends on the displacement R and the inclination ␣ of the beams. Nevertheless, the OAM L z and the specific OAM do not change along a propagation length but contain both R and ␣ .
In conclusion, we note that the above-considered approach enables us to form singular arrays with arbitrary high OAM that can find a practical embodiment in the design of optical tweezers. 8 On the other hand, a growth of OAM in the beam array is inevitably connected with a value of the optical vortex density in the wave field that cannot rise infinitely. 9 Thus, OAM is restricted in both the density of interference forks on the hologram and the vortex density in the array.
We have shown that such arrays can be experimentally created on the basis of a computer-generated hologram technique. The second method of generating phase-matched singular arrays is to employ a stack of optical wedges.
